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The motion of a charged particle in a nonuniform straight magnetic field with a constant magnetic-
field gradient is solved exactly in terms of elliptic functions. The connection between this problem
and the guiding-center approximation is discussed. It is shown that, for this problem, the predictions
of higher-order guiding-center theory agree very well with the orbit-averaged particle motion and
hold well beyond the standard guiding-center limit ǫ ≡ ρ/L≪ 1, where ρ is the gyromotion length
scale and L is the magnetic-field gradient length scale.
I. INTRODUCTION
The guiding-center dynamics of charged particles mov-
ing in a nonuniform magnetic field plays a crucial role in
our understanding of magnetically-confined laboratory
and space plasmas [1, 2]. The standard guiding-center
ordering used in deriving these guiding-center equations
of motion is based on the dimensionless small param-
eter ǫ ≡ ρ/L ≪ 1, where ρ is the gyromotion length
scale and L is the magnetic-field gradient length scale [3].
Because of its important extensions to the gyrokinetic
self-consistent treatment of low-frequency fluctuations in
magnetized plasmas [4], it is necessary to gain a full un-
derstanding of the validity of the guiding-center approxi-
mation, especially when plasma gradients are strong (see,
e.g., Refs. [5] and [6]). For example, in the pedestal
region of advanced tokamak plasmas [6], the gradient
length scale can be as small as L ≃ 1 − 2 cm, which
means that a 10 keV proton confined by a 5 T magnetic
field (with a thermal gyroadius ρ = 2 mm) is represented
by ǫ ≃ 0.1 − 0.2, which falls well outside the standard
guiding-center limit ǫ≪ 1.
In order to investigate the validity of the guiding-center
approximation in the presence of strong gradients, we
consider the simplest non-trivial problem of a charged
particle (with mass m and charge e) moving in a straight
magnetic field with a uniform magnetic-field gradient:
B(y) = B0
(
1 − y/L
)
ẑ, (1)
where B0 is a constant and L ≡ |∇ lnB|
−1 is the constant
gradient length scale.
The Lorentz-force equations for the perpendicular mo-
tion in the (x, y)-plane are
x′′ = (1− ǫ y) y′, (2)
y′′ = − (1− ǫ y) x′, (3)
where we introduced the dimensionless coordinates
(x, y) ≡ (x/ρ, y/ρ) and a prime denotes a derivative with
respect to ϕ ≡ Ω t (with Ω = eB0/mc). Since the mag-
netic field is straight (b̂ = ẑ), we ignore parallel motion
along the z-axis. We note that these equations satisfy the
energy conservation law x′2 + y′2 ≡ 2µB0/(mρ
2Ω2) = 1,
where µ denotes the lowest-order magnetic moment.
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FIG. 1: Numerical solution of Eqs. (2)-(3), subject to the
initial conditions (4), for ǫ = 0.5. The dashed horizontal line
denotes the orbit average (5) of the particle’s y position.
In the present paper, we will study the solution for
Eqs. (2)-(3) for 0 ≤ ǫ ≤ 1 (instead of the standard
guiding-center limit ǫ≪ 1 [1]), subject to the initial con-
ditions (
x0, x
′
0; y0, y
′
0
)
= (0, 1; 1, 0). (4)
Figure 1 shows the numerical solution of Eqs. (2)-(3),
subject to the initial conditions (4), for the case ǫ = 0.5
(i.e., the gyromotion length scale ρ = L/2 is half of the
magnetic-gradient length scale L). Here, we clearly see
the standard grad-B drift motion along the x-axis due to
the magnetic-field gradient (which is exaggerated, here,
by choosing ǫ = 0.5).
In Fig. 1, we also note that, while the transverse mo-
tion along the y-axis is periodic in the range −1 ≤ y ≤ 1,
the average y-position is not zero for ǫ 6= 0. Here, the
orbital average (dashed horizontal line) of the particle’s
y position is evaluated as
y(ǫ) ≡
1
4 K(ǫ2)
∫ 4 K(ǫ2)
0
y(ϕ, ǫ) dϕ, (5)
where the complete elliptic integral of the first kind K(m)
is defined as [7]
K(m) ≡
∫ π/2
0
dϕ√
1−m sin2 ϕ
. (6)
2In the uniform limit (i.e., ǫ = 0), we find y(0) = 0, as
expected for the trigonometric solution y(ϕ, 0) = cosϕ,
with period 4K(0) = 2π.
The purpose of the present work is to compare the
orbit-averaged properties of the exact analytical solu-
tion of Eqs. (2)-(3) for the perpendicular motion in the
(x, y)-plane, which will be explicitly expressed in terms
of Jacobi elliptic functions [8] and elliptic integrals, with
the predictions of higher-order guiding-center theory [2].
With these exact orbit averages, we will show that the
results of guiding-center theory are valid well outside the
guiding-center limit ǫ≪ 1, which is consistent with Myn-
ick’s work [9, 10], where guiding-center theory was ex-
tended to ǫ comparable to unity within the context of
bounce-center theory.
We note that the Jacobi elliptic functions have also
recently been used in the description of guiding-center
and bounce-center dynamics in axisymmetric tokamak
geometry [11–13]. They have also been used in obtaining
exact analytical solutions for charged-particle motion in
nonuniform magnetic fields represented by power laws
[14, 15], which includes the case of particle orbits crossing
a line where B = 0 (case 3 in Ref. [14]), and stationary
current distributions [16]. The case of a discontinuous
magnetic field (with a gradient length scale L = 0) is
also solved exactly in Ref. [17].
II. GUIDING-CENTER APPROXIMATION
We begin by deriving the lowest-order guiding-center
results to be quoted in the remainder of this paper.
Because magnetic-curvature and parallel-gradient effects
vanish for the magnetic field (1), we ignore the parallel
motion along field lines.
Two features associated with the averaged properties
of the particle motion are seen in Fig. 1: an averaged
displacement y(ǫ) along the y-axis (in the opposite direc-
tion to the magnetic-field gradient) and a drift motion
vD(ǫ) ≡ x(4K, ǫ)/(4K) along the x-axis. Both features
can easily be explained by higher-order guiding-center
theory [1, 2].
First, for the guiding-center approximation of the
averaged transverse displacement y(ǫ), we compute
the guiding-center averaged particle position 〈x〉gc ≡
〈TgcX〉gc according to high-order guiding-center theory
[2], where
TgcX ≡ X+G
X
1 +G
X
2 +
1
2
G1 · dG
X
1 + · · ·
is defined as the guiding-center pull-back of the guiding-
center position X = (X,Y ) to particle phase space,
where the phase-space vector fields (G1,G2, · · · ) generate
the guiding-center transformation [2]. From this expres-
sion, we compute the guiding-center averaged-particle
displacement
〈x〉gc − X = 〈G
X
2 〉gc −
1
2
〈G1 · dρ0〉gc
=
1
2
µB0
mΩ2
∇ lnB −
µB0
mΩ2
∇ lnB
= −
µB0
2mΩ2
∇ lnB, (7)
where the gyroradius vector ρ0(Y, µ, θ) ≡ −G
X
1 depends
on the gyroangle θ, the guiding-center magnetic moment
µ, and the guiding-center coordinate Y (because its mag-
nitude depends on the strength of the magnetic field),
and we used 〈ρ0〉gc = 0 in Eq. (7). From Eq. (7), we see
that the guiding-center-averaged x-position of the par-
ticle 〈x〉gc = X is equal to the guiding-center position
X . On the other hand, because of the magnetic-field
gradient (with ∇ lnB = − ŷ/L), the normalized guiding-
center-averaged particle displacement along the y-axis is
1
ρ
(〈y〉gc − Y ) = ŷ ·
(
−
µB0
2mρΩ2
∇ lnB
)
=
ǫ
4
. (8)
This guiding-center prediction is, in fact, quite close (see
Fig. 3) to the orbit-averaged position (5) shown by the
solid horizontal line in Fig. 1.
Next, the dimensionless guiding-center drift velocity
X˙/(ρΩ) in a straight magnetic field with a constant gra-
dient (normalized to the perpendicular particle velocity
scale ρΩ) is [1]
b̂×
(
µB0
mρΩ2
∇ lnB
)
= ẑ×
(
−
ǫ
2
ŷ
)
=
ǫ
2
x̂. (9)
This guiding-center result is clearly seen as the orbit-
averaged drift motion along the x-axis in Fig. 1. The
guiding-center prediction (9) is also quite close to the
orbit-averaged drift velocity along the x-axis (see Fig. 5).
We note that the case of a discontinuous magnetic field
discussed in Ref. [17] exhibits a drift motion that can be
calculated exactly along lines similar to the derivation of
Eq. (9).
While these guiding-center predictions (8)-(9) are de-
rived in the standard guiding-center limit ǫ ≪ 1 (i.e.,
when the magnetic-gradient length scale L is assumed
to be much longer than the gyromotion length scale ρ),
we will show that these guiding-center predictions are, in
fact, also valid well outside the limit ǫ≪ 1.
III. EXACT TRANSVERSE MOTION
We now derive the exact solution for the transverse
motion along the y-axis, which is expressed in terms of
the Jacobi elliptic functions [8]. With this solution, we
will obtain an explicit expression for the orbit average
(5), which can then be compared with the guiding-center
predictions (8).
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FIG. 2: Plots of y(2ω1 s, ǫ) in the range 0 ≤ s ≤ 1 for the
elliptic solutions (12) for ǫ = 0.1 (solid) and ǫ = 0.99 (dashed).
A. Exact solution
We begin by noting that, since the right side of Eq. (2)
can be expressed as an exact derivative with respect to
ϕ, we integrate it to obtain
x′ =
ǫ
2
(
1 − y2
)
+ y, (10)
where we used the initial conditions (4). By inserting
Eq. (10) into Eq. (3), we obtain the nonlinear second-
order ODE
y′′ = −
ǫ
2
−
(
1 −
ǫ2
2
)
y +
3
2
ǫ y2 −
ǫ2
2
y3.
Next, we multiply this equation by 2 y′, and, then using
the initial conditions (4), we integrate it to finally obtain
(y′)2 = − ǫ (y − 1) −
(
1 −
ǫ2
2
)
(y2 − 1)
+ ǫ (y3 − 1) −
ǫ2
4
(y4 − 1). (11)
We will now seek an exact solution y(ϕ, ǫ) of Eq. (11)
for the transverse motion in terms of the Jacobi elliptic
functions.
For this purpose, we transform Eq. (11) by writing
y =
(
2
ǫ
− 1
)
−
2
ǫ
(
1− ǫ
1− ǫ w2
)
,
where w(ϕ, ǫ) is a solution of the differential equation
(w′)2 = 14 (1 − w
2) (1 − ǫ2 w2). By using the initial con-
dition w(0, ǫ) = 0, the solution w(ϕ, ǫ) = sn(ϕ/2|ǫ2) is
expressed in terms of the doubly-periodic Jacobi ellip-
tic function sn(z|m), with a real period of 4K(m) and
an imaginary period 2iK(1 −m). Hence, the transverse
motion
y(ϕ, ǫ) =
(
2
ǫ
− 1
)
−
2
ǫ
[
1− ǫ
1− ǫ sn2(ϕ/2|ǫ2)
]
(12)
corresponds exactly to the numerical solution shown in
Fig. 1, which is periodic in the range −1 ≤ y ≤ 1 with
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FIG. 3: Plots of the orbit average y(ǫ) (solid curve) and the
lowest-order guiding-center approximation ǫ/4 (dashed line)
in the range 0 ≤ ǫ ≤ 1.
a period of 4K(ǫ2), as used in Eq. (5). Note that at the
half-period 2K, we have the exact result y(2K, ǫ) = −1,
which holds for all values of ǫ. This exact solution is
shown in Fig. 2 for ǫ = 0.1 (solid) and ǫ = 0.99 (dashed).
We note that, as ǫ increases toward 1, the solution spends
an increasingly larger portion of its orbit in the range
y > 0, although it must still satisfy y(2K, ǫ) = −1. This
feature explains why the orbit average (5) is positive for
finite magnetic gradients ǫ > 0.
B. Averaged transverse motion
We can now use the Jacobi solution (12) to obtain an
explicit expression for the orbit average (5). For this
purpose, we introduce the definition∫ s
0
du
1− ǫ sn2(u|ǫ2)
= Π
(
ǫ, am(s|ǫ2) | ǫ2
)
, (13)
expressed in terms of the incomplete elliptic integral of
the third kind, where am(s|m) ≡ arcsin[sn(s|m)] is the
Jacobi amplitude function [8]. Hence, we compute the
orbit average (5) of Eq. (12):
y(ǫ) =
1
2ω1
∫ 2ω1
0
y(ϕ, ǫ) dϕ =
1
4K
∫ 4K
0
y(ϕ, ǫ) dϕ
=
(
2
ǫ
− 1
)
−
(
1
ǫ
− 1
)
Π
(
ǫ, π | ǫ2
)
K(ǫ2)
=
1
ǫ
(
1 −
π
2K(ǫ2)
)
, (14)
where we used am(2K|ǫ2) = π and
Π
(
ǫ, π | ǫ2
)
K(ǫ2)
= 1 +
π
2(1− ǫ)K(ǫ2)
.
The plots of Eq. (14) (solid curve) and the lowest-
order guiding-center approximation ǫ/4 (dashed curve),
given by Eq. (8), are shown in Fig. 3. We note that the
4lowest-order guiding-center approximation (8) for the av-
eraged particle y-position is remarkably close to the or-
bit averaged position (14) for values of ǫ well beyond
the guiding-center limit ǫ ≪ 1. In Fig. 1, for example,
we find y(0.5) = 0.136..., and the guiding-center result
ǫ/4 = 0.125, which is just 8% below the orbit-averaged
value y(ǫ).
Lastly, we note that an alternative way to write the
transverse solution (12) involves the gyroangle θ(ϕ, ǫ),
which satisfies the differential equation θ′ = 1− ǫ y(ϕ, ǫ).
Using Eq. (12), its solution is expressed as
θ(ϕ, ǫ) =
π ϕ
2K(ǫ2)
+ ∆θ(ϕ, ǫ), (15)
where the periodic function
∆θ(ϕ, ǫ) = (1 − ǫ)
[
4Π (ǫ, am(ϕ/2)) −
Π(ǫ, π)
K(ǫ2)
ϕ
]
(16)
vanishes at ϕ = 0, 2K, and 4K. The transverse solution
(12) can, therefore, be expressed as
y(ϕ, ǫ) =
1
ǫ
(
1 −
π
2K(ǫ2)
)
−
1
ǫ
∂∆θ
∂ϕ
, (17)
where the orbit average of the second term is explicitly
zero because of the periodicity of Eq. (16).
IV. DRIFT MOTION
The solution for x(ϕ, ǫ) can now be obtained by inte-
grating Eq. (10):
x(ϕ, ǫ) =
∫ ϕ
0
[ ǫ
2
(
1 − y2(t, ǫ)
)
+ y(t, ǫ)
]
dt, (18)
subject to the initial conditions (4). By inserting
Eq. (12), we find the solution
x(ϕ, ǫ) =
ϕ
ǫ
(
1 −
E(ǫ2)
K(ǫ2)
)
−
2
ǫ
Z
(
am(ϕ/2|ǫ2) | ǫ2
)
+
2 sn(ϕ/2|ǫ2) cn(ϕ/2|ǫ2) dn(ϕ/2|ǫ2)
1 − ǫ sn2(ϕ/2|ǫ2)
, (19)
which is expressed in terms of the Jacobi elliptic functions
(sn, cn, dn), the complete elliptic integral of the second
kind, E(ǫ2), and the Jacobi zeta function [8]
Z
(
am(ϕ/2|ǫ2) | ǫ2
)
≡
∂
∂ϕ
ln
[
ϑ24(ζ, q)
]
,
which is expressed in terms of the logarithmic deriva-
tive of the elliptic theta function ϑ4(ζ, q) [18], where
ζ = πϕ/(4K(ǫ2)) and q(ǫ) = exp[−π K(1 − ǫ2)/K(ǫ2)].
Since the last term in Eq. (19) can also be expressed as
a logarithmic derivative
2 sn cn dn
1 − ǫ sn2
= −
2
ǫ
∂
∂ϕ
ln
[
1− ǫ sn2(ϕ/2|ǫ2)
]
,
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FIG. 4: Plot of Eq. (19) in the range 0 ≤ ϕ ≤ 4K(ǫ2) for
the case ǫ = 0.5. The dashed line represents the drift motion
along the x-axis.
we use the identity [18]
1− ǫ sn2(ϕ/2|ǫ2) ≡ 1− ϑ21(ζ, q)/ϑ
2
4(ζ, q),
so that Eq. (19) can also be expressed as
x(ϕ, ǫ) =
ϕ
ǫ
(
1 −
E(ǫ2)
K(ǫ2)
)
(20)
−
π
2ǫK(ǫ2)
(
∂
∂ζ
ln
[
ϑ24(ζ, q)− ϑ
2
1(ζ, q)
])
,
where the second term is a periodic function of ζ. Once
again, this solution, which is shown in Fig. 4, agrees ex-
actly with the numerical solution shown in Fig. 1. It is
interesting to note that an expression similar to the sec-
ond term in Eq. (20) has previously appeared in Ref. [12],
where the generating functions for the canonical transfor-
mation for trapped/passing guiding-center orbits in ax-
isymmetric tokamak geometry were derived.
The dashed line in Fig. 4 represents the drift motion
along the x-axis, with a slope equal to the orbit-averaged
particle drift velocity obtained from Eq. (20) :
vD(ǫ) ≡
x(4K, ǫ)
4K
=
1
ǫ
(
1 −
E(ǫ2)
K(ǫ2)
)
. (21)
Equation (21) and the lowest-order guiding-center pre-
diction ǫ/2, derived in Eq. (9), are shown in Fig. 5.
Once again, the lowest-order guiding-center prediction
(9) yields an excellent agreement with the exact result
(21) well outside the standard guiding-center limit ǫ≪ 1.
For example, for the case ǫ = 0.5, the guiding-center
prediction ǫ/2 yields 0.5/2 = 0.25, which is just 3% be-
low the orbit-averaged particle drift velocity vD(0.5) =
0.259...
V. SUMMARY
By solving exactly the motion of a charged particle
in a straight magnetic field (1) with a constant gra-
dient, we have been able to investigate the validity of
50.2 0.4 0.6 0.8 1.0
0.2
0.4
0.6
0.8
FIG. 5: Plots of the orbit-averaged particle drift velocity (21)
(solid curve) and the lowest-order guiding-center approxima-
tion ǫ/2 (dashed curve) in the range 0 ≤ ǫ ≤ 1.
the guiding-center approximation. In the present work,
we have shown that the guiding-center predictions (8)
and (9) agree very well with the orbit-averaged particle
displacement (14) and the orbit-averaged particle drift
velocity (21) for values of ǫ well outside the standard
guiding-center limit ǫ≪ 1.
These results can, thus, be used to justify the applica-
tions of gyrokinetic theory for magnetized plasmas with
strong gradients [5]. For example, in the pedestal re-
gion of advanced tokamak plasmas [6], where ǫ ≃ 0.2,
the guiding-center predictions (8) and (9) are 1.3% and
0.5% below the orbit-averaged particle displacement (14)
and the orbit-averaged particle drift velocity (21), respec-
tively.
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